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M.Sc. - Mathematics 
I Semester End Examination - May 2022 

Ordinary Differential Equations 
 

Course Code: MM104T QP Code: 11004 
Time: 3 hours 
 

Total Marks: 70 

Instructions:  1) All questions carry equal marks. 

2) Answer any five full questions.  

 

1 a) State and prove Liouville’s theorem.                                                                                 

   b) If 𝑐𝑜𝑠ଷ 𝑥  is one of the solutions of 𝑦ᇱᇱ + 2 𝑡𝑎𝑛 𝑥 𝑦ᇱ + 𝑦 = 0 determine the second   
        solution.                                                                                                                                                                                                                                                             

   c) Define fundamental set. Show that the solution set of 
ௗర௬

ௗ௫ర
+ 6

ௗయ௬

ௗ௫య
+ 11

ௗమ௬

ௗ௫మ
+ 6

ௗ௬

ௗ௫
= 0 is    

       a  fundamental set.                                                                                                    (6+4+4) 

 

2  a)  State and prove Strum’s comparison theorem.                                                               

    b)  Solve by the method of variation of parameters of the equation 𝑥ଶ𝑦ᇱᇱ − 𝑥𝑦ᇱ − 3𝑦 = 𝑥ଷ.                                                                                                                                                

    c) Define self-adjoint differential equation.  Find the adjoint of the differential equation  

            𝑥ସ𝑦ᇱᇱᇱ + 3𝑥ଷ𝑦ᇱᇱ + 5𝑥ଶ𝑦ᇱ + 12𝑥𝑦 = 0 .                                                               (7+4+3) 

 

3 a) Establish the eigen function expansion formula for an eigen value problem.  Expand 𝑥 in   
        terms of orthonormal eigen function of the eigen value problem 𝑦ᇱᇱ + 𝜆𝑦 = 0, 𝑦(0) = 0, 
        𝑦(𝜋) = 0. 

   b) Construct the Greens function for 𝑦ᇱᇱ + 𝜆𝑦 = 𝑥, 𝑦(0) = 0 = 𝑦(1).                       (9+5) 

 

 4 a) Prove that the eigenvalues of a self-adjoint eigenvalue problem are real.                            

    b) For the eigenvalue problem 𝑦ᇱᇱ + 𝜆𝑦 = 0 in [0,1], show that the non-zero eigenvalue    

    satisfies the equation 𝑡𝑎𝑛 √𝜆 = √𝜆 under the condition 𝑦(0) = 0, 𝑦(1) − 𝑦ᇱ(1) = 0.             

    c)  Show that 
ௗ௬

ௗ௫
= 𝑥ଶ + 𝑦,    𝑦(0) = 1 with |𝑥| ≤ 1, |𝑦 − 1| ≤ 1 has a unique solution in 

           |𝑥| ≤
ଵ

ଷ
 .                                                                                                                  (4+5+5) 
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5 a) Find the power series solution of (1 − 𝑥ଶ)𝑦ᇱᇱ + 2𝑥𝑦ᇱ + 𝑝(𝑝 + 1)𝑦 = 0   about an      
       ordinary point.     

    b)  Find the Frobenius solution of 𝑥𝑦ᇱᇱ + 2(1 − 𝑥)𝑦ᇱ + (𝑥 − 2)𝑦 = 0.                        (6+8) 

 

6 a) Show that Laguerre polynomials are orthogonal over (0,∞).                                           

    b) Prove that  𝑇௡ାଵ(𝑥) − 2𝑥𝑇௡(𝑥) + 𝑇௡ିଵ(𝑥) = 0,     𝑛 ≥ 1.                                        

    c) Obtain the general solution of (1 − 𝑥ଶ)𝑦ᇱᇱ − 𝑥𝑦ᇱ + 𝛼ଶ𝑦 = 0  where 𝛼 is a constant.                  

 (6+4+4) 

 

7 a) Find the fundamental matrix and general solution of  
ௗ௑ሬ⃗

ௗ௧
= ൥

4 3 1
−4 −4 −2
8 12 6

൩ 𝑋⃗; 

          𝑋⃗ = [𝑥, 𝑦, 𝑧]் .                                                                                                           

    b)  Determine the solution of  
ௗ௫

ௗ௧
= −3𝑦 + 𝑒ହ௧,

ௗ௬

ௗ௧
= 2𝑥 + 4,  with 𝑥(0) = 0, 𝑦(0) = 0.               

                                                                                                                                            (7+7)          

 

8 a) Determine the nature and stability of the critical point for the system:                            

i. 𝑥ଵ
ᇱ = 𝑥ଵ − 𝑥ଶ;      𝑥ଶ

ᇱ = 𝑥ଵ
ଶ + 𝑥ଶ

ଶ − 2. 
ii. 𝑥ଵ

ᇱ = 𝑥ଵ − 2𝑥ଶ − 1;     𝑥ଶ
ᇱ = 2𝑥ଵ − 3𝑥ଶ − 3. 

b)  Using the Liapunov function, determine the stability of the critical point (0,0) of the 
system                                                                                                                               

    
ௗ௫

ௗ௧
= −𝑥ହ − 𝑦ଷ;           

ௗ௬

ௗ௧
= 3𝑥ଷ − 𝑦ଷ.                                                                      (8+6) 

 

*** 

 


